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1. Introduction 



In [To], R. Hamilton established a differential Harnack inequality for so- 
lutions to the Ricci flow with nonnegative curvature operator (see [9j for an 
earlier result in the two-dimensional case). This inequality has since become 
one of the fundamental tools in the study of Ricci flow. We point out that 
H.D. Cao [1] has proved a differential Harnack inequality for solutions to 
the Kahler-Ricci flow with nonnegative holomorphic bisectional curvature. 

In this paper, we prove a generalization of Hamilton's Harnack inequality, 
replacing the assumption of nonnegative curvature operator by a weaker 
curvature condition. Throughout this paper, we assume that {M,g{t)), t £ 
(0,T), is a family of complete Riemannian manifolds evolving under Ricci 
flow. Following R. Hamilton [10], we define 

Pijk = DiRicjk - DjRicik 

and 

Mij = ARicjj - ^ DiD jScal + 2 Rikji Ric'^' — Rlc\ Ricj^ -|- ^ Ricj-,-. 

Here, Ric and seal denote the Ricci and scalar curvature of {M,g{t)), re- 
spectively. 

Theorem 1. Suppose that {M,g{t)) x has nonnegative isotropic curva- 
ture for all t e (0, T). Moreover, we assume that 

sup scal(a;, t) < oo 

{x,t)eMx{a,T) 

for all a € (0, T). Then 

M{w, w) + 2 P{v, w, w) + R{v, w, v,w) > 

for all points {x,t) € M x (0,T) and all vectors v,w € TxM. 

As a consequence, we obtain a generalization of Hamilton's trace Harnack 
inequality (cf. [TO]): 
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Corollary 2. Suppose that {M,g{t)) x M? has nonnegative isotropic curva- 
ture for all t G (0,T). Moreover, we assume that 

sup scal(x, t) < oo 

(x,t)&Mx{a,T) 

for all a G (0, T). Then we have 
d 1 

—seal H — seal + 2 Sjseal + 2 Rie(i;, > 
at t 

for all points {x, t) M x (0, T) and all vectors v E TxM. 

The condition that M x R-^ has nonnegative isotropic curvature is pre- 
served by the Ricci flow, and plays a key role in the proof of the 1/4-pinching 
theorem [2]. We point out that the following statements are equivalent: 

(i) The product M x ^as nonnegative isotropic curvature. 

(ii) For all orthonormal four-frames {ei, 62, 63, 64} C T^M and all A, G 
[—1,1], we have 

i?(ei, 63, 61,63) + A^i?(6i, 64, 61,64) 
+ fl^ i?(62, 63, 62, 63) + A^/U^ i?(62, 64, 62, 64) 

- 2A^i?(ei, 62, 63, 64) > 0. 

(iii) For all vectors vi,V2,vs,V/i G T^M, we have 

R{vi,V3,Vi,V3) + R{vi,V4,Vi,V4) 
+ R{V2,V3,V2,V3) + R{v2,Vi, V2,Vi) 
-2R{vi,V2,V3,V4,) > 0. 

The implication (i) =^ (ii) was established in Moreover, a careful 
examination of the proof of Proposition 21 in [2] shows that (ii) implies (iii). 
Finally, the implication (iii) =^ (i) is trivial. 



2. The space-time curvature tensor and its evolution under 

Ricci flow 

We first review the evolution equation for the various quantities that 
appear in the Harnack inequaltiy. The evolution equation of the curvature 
tensor is given by 

d 

-g^Rijkl — ^Rijkl 

+ RiC^ Rmjkl + Ric™ Rimkl + RiCfc* Rijml + Ric^' Rijkm 

— nPI n*"* P P -1-9 nPI n^^ P P _ 9 nP'i n^''^ R P 

— y y ^ijpr ^klqs ~i iJ y ^ipkr ^iqls ^ iJ iJ ^iplr ^jpks 
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(cf. ^,t8j). Moreover, Hamilton proved that 

d . ^ . ^ . ^ 

— 9 nPI n'''^ R P J- 9 nPI r/"^ R P _l_ 9 nP^ n^* P P 

— y y -i^pjr ^qsk ' ^ y y ^ipkr ^qjs i ^ y y ^jpkr ^iqs 



:Mij - AMii + RicT Mmi + Ric™ Mi, 



and 
d_ 

di' 

= 2 y^' Rip.r Mgs + 2 Ric™ (L'PP™, + L'^'P^.i) 

-|- 2 y Pipr Pjqs 4 y^*^ y Pipr Pjsq ~l~ 2 Ric P RiCp Rujm Ricjj 

(see [10], Lemma 4.3 and Lemma 4.4). 

Chow and Chu [5] observed that the quantities Mij and Pj^fc can be 
viewed as components of a space-time curvature tensor (see also [6]). In 
the remainder of this section, we describe the definition of the space-time 
curvature tensor, and its evolution under Ricci flow. Following [6], we define 
a connection D on the product M x (0, T) by 

Da —=T^.— 

D s ^ = -(mci + -6',)^ 

B^dt V * 2t 'J dxi 

9 — = — a seal — — . 

aidt 2 2t dt 

Here, F^^ denote the Christoffel symbols associated with the metric y{t). We 
next define a (0, 4)-tensor 5 by 

S = Rijki dx^ (g) dx^ (g) dx'' (g) dx^ 
+ Pijk dx" (g) dx^ ®dt® dx^ - Pijk dx"- ® dx^ (g) dx^ ® dt 



+ Pijk dt (g) dx^ (g) dx" (g) dx^ - Pijk dx^ ®dt® dx" ® dx^ 



+ Mij dx' (g) (g) dx^ (g) - Mij dx' (g) dt ® dt (g) dx^ 
- Mij dt (g) dx* (g) dx^ ^dt + Mij dt (g) dx* ® dt ^ dx^ . 
The tensor S is an algebraic curvature tensor in the sense that 

S{vi,V2,V3,V4) = -S{V2,V1,V3,V4:) = S {V3, V4, Vi, V2) 

and 

S{vi,V2,V3,V4) + S{V2,V3,VI,V4,) + S {V3, Vi, V2, V4) = 

for all vectors vi,V2,V3,V4, G T(^x,t){M x (0,T)). 
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Given any algebraic curvature tensor S, we define 

Q{S){vi,V2,V3,V4) 
p,q,r,s=l 
p,q,r,s=l 



for all vectors vi, ^2, ^3, ^^4 £ ^(i;,t) (-^ (0) ^))- It is straightforward to verify 
that 

Q{S){vi,V2,V3,Vi) = -Q{S){V2,V1,V3,V4) = Q{S){v3, V4, Vi, V2) 

and 

QiS){vi,V2,V3,Vi) + Q{S){V2,V3,VI,V4,) + (5(5') (-US , ^1 , ^2 , 1^4) = 

for all vectors 'Wi, ^21 ^3, ""4 G T(^x,t){M ^ (0)^))- Therefore, 0(5') is again an 
algebraic curvature tensor. 

Proposition 3. The tensor S satisfies the evolution equation 

DaS = AS + -S + Q(S). 

at t 

Here, 

n 

^ — dxP ' ex" 

p,q=l 

denotes the Laplacian of S with respect to the connection D. 

Proof. For abbreviation, let W = D_a_S ~ AS - j S. Clearly, W is an 

at _ 

algebraic curvature tensor. Wc claim that W = Q{S). Note that 



at \ 



d d d d 



\ dx^ ' dx^ ' dx^ ' dx'- - 
d 2 

"g^Rijkl ~l~ ~ Rijkl 
+ Ric^ Rmjkl + RicJ* Rimkl + R-iCfe* Rijml + Ricf^ Rijkm 

and 

d d d d 



~ / a o o \ 
^ ^\ dx^ ' dx^ ' dx^ ' 9a;' / ^^^^ 
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This implies 

y^(^J__d__d_\ 

V dx^ ' dx^ ' dx'^ ' dx^ J 

+ Ric^*^ Rmjkl + Ric™ Rimkl + Ric™ Rijml + Ric™ -Rjjfcm 

~ Q^'^ 9 R'ijpr Rklqs + 2 (/^^ (j( Ripkr Riqls 2 ^^''^ ^ Riplr Rjpks 

Moreover, we have 

d d d d 



~ /a o a a \ 
dt \ dx^ ' dx^ ' dt ' 5a;'^ / 



Q^^ijk 2 '"^"^ ^jj'mfc ~r ^ ^ijk 
+ Ric^ Prnjfc + Ric™ -Pinifc + Ric^ -Pijm 



and 



(A5)f ^ ^ ^ ^ 



9.x* ' dxJ ' C?t ' C?.T^ 
= ^Pijk + -D^Ric^ Rijmk + 2 Ric™ D^R^j^nk + J D"^Rijmk 

= APijk + ^ d^'scal Rijmk + 2 Ric;;' DPRij^k + ^ Pijk- 
Using the evolution equation for the tensor P^jk, we obtain 

V Ox* ' dx^ ' dt ' (?a;'= / 

~ 'o^Rijk ^Pijk 2 R,iCp Rijmk 
+ Ric^ Pmjk + RiCj* -Pimfe + Ric^ -Pjjm 

= 2 ^ Ripjr Pqsk ~^ 2 ^''^ ^ Ripkr Rqjs "I" 2 g'^^ g Rjpkr Piqs 
~ (f^ 9 R'ijpr Pqsk 4" 2 gP'^ g Ripkr Pqjs ~^ 2 ^ Rjpkr Piqs 

d d d d 



= Q(5)(: 



> ' dx^ ' ' 
Finally, we have 



{DaS)( 



d d d d 

\ dx^ ' dt ' dx^ ' / 

^Mi^- - ^ ^'"scal (Pi^j- + Pjmi) + J Mij + Ric^ M^j + Ricf M, 
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and 



, r - / 3 d d d 



1 



= AMij - 2 (^Ric^ + - S^^j {DPP^^J + D^Pj^mi) 

— DPRic;^ i^mj + Prrm) + 2 (Ric'*' + 1 g'p) (mc^ + i j;*) 
= AM,,- - 2Ric^ (£»^P^„., + Z)^P,™) 

— DPRic^ {Pimj + Pjmi) + 2 Ric'P Ric^ 

1 , 2 I 1 

~ Pimj ~l~ Pjmi) ~l~ ~ Ric Riljm ~l~ 2^ RiCjj 

= AM,,- - 2Ric^ (Z)?'P.„, + DPPjmi) 

— ^ 5™scal + Pjmi) + 2 Ric'P Ric^ R^ijm 

2 1 

In the last step, we have used the formula 

Mij = —D'^Pimj + Ric'™ Riljm + ^ Ricjj 
(see [10], p. 235). Using the evolution equation for Mjj, we obtain 

= ^^Mij - AMi, + 2Ric™ {DPPim, + D^Pjmi) 

1 

2f2 

— 2 f/^'' g' Ripjr Mqg -\- 2 (j'^'' Pipr Pjqs 4 (j^^^ (j^ Pipr Rjsq 

— 9 nPS n'^'^ P A/f -L 9 nPS n*"* P ('P _P "1—9 /iP"? n^^ P P 

— y y -i^ipjr ''^^'^qs ' y -^ipr y-^jqs ^jsqj y ^ipr-^jsq 

— 9 nPI n''^ R A/f _ 9 nPS n^'* P P _ 9 P P 

— ^ y y ^ipjr -'^^^qs ^ y y ^ipr ^qsj ^ y y ^ipr ^jsq 

— 9 nPI r/"^ P M J- nPI r/"^ P P —9 /^P'? r/"^ P P 

— y y -'^ipjr -'"gs ~r y y pri gsjr y y ipr -'^jsq 

= d(S)(— - — - 

Putting these facts together, we conclude that W = Q{S). This completes 
the proof. 

3. An invariant cone for the ODE = Q{S) 

We now consider the space of algebraic curvature tensors on M" x M. There 
is a natural mapping Q which maps the space of algebraic curvature tensors 
on M" X M into itself. For each algebraic curvature tensor S on M" x M, the 



+ Ric™ Mmj + Ric™ Mim - 2 Ric'P Ric™ Ru.m + ^ RiCij 
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tensor Q{S) is defined by 

n 

Q{S){vi,V2,vs,Vi) = ^ S{vi,V2,ep,eq) S{v3,Vi,ep,eq) 

p,q=l 

n 

+ 2 ^ S{vi,ep,V3,eq) S{v2 , Bp, V4, Cq) 

p,q=l 

n 

-2 ^ S{vi,ep,Vi,eq) S{v2 

p,q=l 

where {ei, . . . , e„} is an orthonormal basis of M". 

Let K be the set of all algebraic curvature tensors on R" x R such that 

S{vi,V3,Vi,V3) + S{vi,V4,Vi,Vi) 

+ S{V2,V3,V2,V3) + S{V2,V4,V2,V4:) - 2 S {vi, V2, V3, V4) > 

for all vectors vi,V2,V3,V4 € R" x M. Clearly, K is a closed convex cone. 
Moreover, K is invariant under the natural action of GL{n + 1). 

We claim that K is invariant under the ODE = Q{S). The proof 
relies on the following result: 

Proposition 4. Let S be an algebraic curvature tensor on R" x R which lies 
in the cone K. Moreover, suppose that vi,V2,V3,V4 are vectors in R'* x R 
satisfying 

S{vi,V3,Vi,V3) + S{vi,V4,Vi,V4) 

+ S{V2,V3,V2,V3) + S{V2,V4,V2,V4) - 2 S {vi, V2, V3, V4) = 0. 

Then the expression 

S{wi,V3,Wi,V3) + S{wi,V4,Wi,V4) 
+ S{w2,V3,yj2,V3) + S{W2,V4,'W2,V4) 
+ S{vi,W3,Vl,W3) + S{v2,yj3,V2,'lij3) 
+ S{vi,W4,Vi,W4) + S{V2,W4,V2,W4) 

- 2 [S{V3,WI,VI,W3) + S{V4,WI,V2,W3)] 

- 2 [S{V4,WI,VI,W4) - S{V3,WI,V2,W4)] 
+ 2 [S{V4,W2,VI,W3) - S{V3,W2,V2,W3)] 

- 2 [5(7)3, W2,Vi,W4) + S{V4, W2,V2,W4)] 
-2S{wi,W2,V3,V4) -2S{vi,V2,W3,W4) 

is nonnegative for all vectors wi,W2,W3,W4 G R" x R. 
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Proof. The proof is similar to the proof of Proposition 8 in [2]. Since 

S £ K, we have 



< S{vi + SWi,Vs + SW3,Vi + SWi,V3 + SWs) 
+ S{vi + SWl,V4 + SWi, Vl + SWl,V4 + SWi) 
+ S'('52 + SW2,V3 + SW3, V2 + SW2,V3 + SW3) 
+ S{V2 + 51^2,^4 + V2 + SW2,V4 + SWa,) 

- 2 S{vi + SWi,V2 + SW2, V3 + SW3, V4 + SW4) 



for all s € M. Taking the second derivative at s = 0, we obtain 



< S{wi,V3,wi,V3) + S'(?i;i,'(;4,tZ;i,?)4) 

+ S{W2,V3,W2,V3) + S{w2,V4,W2,Vi) 
+ S{vi,W3,Vi,W3) + S{V2,W3,V2,W3) 
+ S{vi,W4,Vi,W4) + S{V2,W4,V2,W4) 
(1) + 2 S{vi,V3, 11)1,103) + 2 S{vi,W3, 11)1,^3) -2S{wi,V2,W3,V4) 

+ 2 S{vi,V4,Wi,W4) + 2S{vi,W4,Wi,V4) - 2S{wi,V2,V3,W4) 
+ 2 5(u2,?)3,tt;2,tS3) + 2S{V2,W3,W2,V3) - 2 S {vi, W2, W3, V4) 
+ 2 S{V2,V4:,W2,W4:) + 2S{V2,W4,W2,V4) - 2 S {vi, W2, V3, Wa) 
- 2S{wi,W2,V3,V4) -2S{vi,V2,W3,W4). 



Replacing {vi,V2,V3,V4} by {v2, -^1,^4, --"3} yields 



< S{wi,V4,Wi,V4) + S{wi,V3,Wi,V3) 
+ S{W2,V4,W2,V4) + S{W2,V3,W2,V3) 
+ 5'(w2,ttj3,l'2,'W3) + S{vi,W3,Vi,W3) 

+ 5'(t)2,ttj4,^'2,it'4) + 5'(t;i,tt;4,{ii,?2;4) 

(2) +2S{V2,V4,WI,W3) + 2S{V2,W3,WI,V4) - 2 S {wi , Vi, W3, V3) 

- 2S{V2,V3,WI,W4) -2S{V2,W4,WI,V3) + 2 S {wi , Vi, V4, W4) 

- 2S{vi,V4,W2,W3) -2S{vi,W3,W2,V4) + 2 S {V2, W2, 'W3, V3) 
+ 2S{vi,V3,W2,W4:) + 2S{vi,W4,W2,V3) - 2 S {V2, W2, V4, W4) 
+ 2S{wi,W2,V4,V3) + 2S{V2,V1,W3,W4). 
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In the next step, we take the arithmetic mean of ^ and ([2]). This yields 

< S{wi,V3,Wi,V3) + S{wi,Vi,Wi,V4,) 
+ S{'W2,V3,W2,V3) + S{'W2,Vi,W2,V4,) 
+ S{vi, 11)3,^1,11)3) + S{V2,U)3,V2,W3) 
+ S{vi,W4,Vi,W4) + S{v2,W4,V2,yJ4) 

+ [S{vi,V3,ll)i,W3) + S{vi, 11)3, Wi, 1)3) - S{lI)i,V2,W3,V4:) 
+ S{V2,V4,WI,W3) + S{V2,W3,WI,V4:) - S {wi, Vl, W3, V3)] 
(3) + [S{vi,V4„1JJi,W4,) + S{vi,1JJi,Wi,V4) - S{lI)i,V2,V3,W4) 

- S{V2,V3,WI,W4) - S{v2,Wi,Wl,V3) + S{wi,Vi,Vi,Wi)\ 
+ [S{V2,VZ,W2,W3) + S{V2,W3,W2,V?,) " S{vi,W2,W3,Vi) 

- S{vi,V4,W2,W3) - S{vi,W3,W2,Vi) + S{v2,W2,W3,n)\ 
+ [S{v2,VA,W2,Wi) + S{v2,WA,W2,Vi) - S {vi, 11)2, V3, Wa) 

+ S{vi,V3,W2,U)4:) + S{vi,Wi,W2,V3) " S{v2,W2,Vi,Wi)\ 
~2S{wi,W2,V3,Vi) -2S{vi,V2,W3,W4:). 

Since S satisfies the first Bianchi identity, the assertion follows. 

Proposition 5. Let S be an algebraic curvature tensor on x M which lies 
in the cone K. Moreover, suppose that wi, ^2; ^3; ^4 o,tc vectors in M" x M 
satisfying 

S{VI, 1)3, 1)1,1)3) + S{vi,Vi,Vl,V4) 

+ S{V2,V3,V2,V3) + S{v2,Vi,V2,V4.) - 2 S {vi, V2, V3, V4:) = 0. 

Then 

Q{S){vi,V3,Vi,1)3) + Q{S){vi,V4^,Vi,Vi) 

+ Q{S){V2,V3,V2,V3) + Q{S){V2,V4:,V2,V4.) - 2 Q {S){vi, V2, V3, V4:) > 0. 

Proof. Consider the following n x n matrices: 



Oipq 


= S{vi, 


ep,vi, 


eg) 


+ S{V2, 




eq 


bpq 


= S{V3, 


ep,V3, 


eg) 


+ S{vi, 




eq 


Cpq 


= S{V3, 


ep,vi, 


eg) 


+ S{vi, 


ep,^2, 


eq 


dpq 


= S{V4„ 


ep,vi, 


eg) 


- S{V3, 


ep,^2. 


eq 


Gpq 


= S{vi, 


V2,ep, 


eg) 








fpq 


= S{V3, 


f4, Cp, 


eg) 
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(1 < p, g < n). It follows from Proposition H] that the matrix 

B -F -C -D 

F B D -C 

-C^ A -E 

-D'^ -C^ E A 

is positive semi-definite. This implies 

ti[AB) + tr(£;F) - tr(C2) - iv{D'^) > 0, 

hence 

n n n n 

(4) ttpg bpg — Epq fpq — Cpg Cgp — dpq dqp > 

p,q=l P,'7=l Pi9=l Pi9=l 

(cf. ^J, Proposition 9). On the other hand, we have 

n 

Q{S){vi,V2,V3,V4) = ^ S{vi,V2,ep,eq) S{vs,V4,ep,eg) 

p,q=l 
n 

+ ^ S{vi,V3,ep,eg) S{v2,V4,ep,eg) 

p,q=l 
n 

- ^ S{vi,V4,ep,eg) S{v2,V3,ep,eg) 

p,q=l 
n 

+ 2 ^ S{vi,ep,V3,eq) S{vi,ep,V2,eg) 

p,q=l 
n 

-2 ^ S{vi,ep,V4,eq) S{v3,ep,V2,eg) 

p,q=l 

since 5 satisfies the first Bianchi identity. This implies 

Q{S){vi,V3,Vi,V3) + Q{S){vi,V4^,Vi,Vi) 

+ Q{S){V2,V3,V2,V3) + Q{S){V2,V4,V2,V4) - 2 Q{S){vi, V2, V3, V4) 

2 



(5) 



= X] ['5'(^i>''^3,ep,eg) - 5(^2,^4,6^,65)]^ 

p,g=l 
n 

+ ^ [S{vi,V4,ep,eg) + S{v2,V3,ep,eq)Y 



p,q=l 



-\- 2 ^ ^ flpg 6pq 2 ^ ^ €pq fpq 2 ^ ^ Cpg Cgp 2 ^ ^ dpq dqp. 

p,q=i p,q="^ p,q="^ p,q=i 

The assertion follows immediately from ^ and ([5]). 



harnack inequality for the ricci flow 

4. Proof of Theorem [T] 
We define a Riemannian metric h on M x (0, T) by 

" I 

h = gij dx^ (g) dx^ + ^dt® dt. 

Lemma 6. Suppose that 

sup |Rm| < oo. 

{x,t)£Mx{0,T) 

Then there exists a uniform constant C such that 

< C 



Da_h -Ah--h 

dt t 



and 

\Dvh\h <C\v\ 

for all points {x, t) M x (0, T) and all vectors v S T^M . 
Proof. By definition of D, we liave 

bj^dx^ = -rf, dx^ + (Kid + ^ si'] dt 



This implies 



b^dt = 

b^dx^ = (Kiel + — 5^) dx' + - dhcaXdt 
3 

D adt= — dt. 
at 2t 



b_a_h = (Ricjfc + gik] (dx* (g) dt + dt dx^). 

g^k \ 2t / 



Moreover, we liave 



and 



ba_ h=- 9jscal (dx* ® dt + dt ® dx^ 

dt 2 

H — 9ii dx^ ® dx^ + ^ dt (^^ dt 
t t-^ 



A/i = ^ Sjscal (dx^ ®dt + dt(g dx*) 
1 / . 1 



+ 2 (Ri4 + - Si) (Ricf + - 5f ) dt ® dt. 
Putting these facts together, we obtain 

D^k-AH-lH=-2 (Rio- + i (Ric? + 1 if) 
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Thus, we conclude that 

n 



Da_h -Ah--h 

at t 



= 2r [Ricr + 2tscal + 
/I ' ' 2 



and 



\Dyh\l = 2t^mc'^{v,v) + 2tmc{v,v) + ^g{v,v) 



S - Rijki dx" ^dx^ ®dx^ ^dx^ + ^Cth®h e K 



for all points (x, t) ^ M x (0, T) and all vectors v £ TxM. 

Lemma 7. Suppose that {M,g{t)) x has nonnegative isotropic curvature 
for all t € (0, T) . Moreover, we assume that 

sup iD^Rml < oo 

(x,t)gAfx(0,T) 

for m = 0, 1, 2, . . .. Then there exists a uniform constant C such that 

S + \cth®h e K 
4 

for all points {x,t) € M x (0,T). Here, ® denotes the Kulkarni-Nomizu 
product. 

Proof. There exists a uniform constant C such that 

I S - Rijki dx^ ® dx^ ®dx^ ®dx^\^<Ct 
for ah G Af X (0,r). This implies 

1 

4 

for all € M X (0,T). Moreover, since {M,g{t)) X M2 has nonnegative 

isotropic curvature, we have 

Rijki dx" (g) dx^ ® dx^ ^dx'- e K 

for all points (x, t) € M x (0, T). Putting these facts together, the assertion 
follows. 

Proposition 8. Suppose that {M,g{t)) x has nonnegative isotropic cur- 
vature for all t E (0,T). Moreover, we assume that 

sup [D^Rml < oo 

(x,t)GA/x(0,T) 

/or m = 0,1, 2,.... Then S^^^t) e K for all {x,t) gMx (0,T). 

Proof. By Lemma 5.1 in [ID], we can find a smooth function 9? : M — > M 
with the following properties: 

(i) ip{x) ^ 00 as X ^ 00 

(ii) 93(x) > 1 for all x G M 

(iii) sup(^^t)gjv/x(o,T) \'^vix)\g(t) < 00 

(iv) SUp(^_t)gMx(0,T) |Ag(i)93(x)| < CX) 
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Let £ be an arbitrary positive real number. We define a (0, 4)-tensor S by 

S = S + ^ee^* v?(x) /i ® /i, 

where A is a positive constant that will be specified later. Clearly, S is an 
algebraic curvature tensor. By Lemma d there exists a uniform constant 
Ci such that 

S + ^Cith®h^K 

for all points G M x (0, T). Hence, if ee^* ip{x) > Cit, then S(^x,t) lies 
in the interior of the cone K. 

We claim that S(x,t) S K for all {x,t) G M x (0,T). Suppose this is false. 
Then there exists a point {xQ,to) e Af x (0, T) such that € and 

'S'(a;,t) £ K for all (x, t) € M X (0, to]- Since Si^xo,to) ^ t^-?^! we can find vectors 
vi,V2,V3,V4 G r(^,Q tQ)(M X (0,T)) such that 

\vi /\ V3 + V4 A V2\h + \vi AV4 + V2 /\V3\1> 

and 

S{vi,V3,Vi,V3) + S{vi,V4,Vi,V4) 

+ S{V2,V3,V2,V3) + S{V2,V4,V2,V4) - 2 S {vi, V2, V3, V4) = 

at (xo,to)- It follows from Proposition [5] that 

Q{S){vi,V3,Vi,V3) - Q{S){vi,Vi,Vi,Vi) 
(6) + QiS){v2,V3,V2,V3) - QiS){v2,V4,V2,V4) + 2 Q{S){vi, V2, V3, V4,) > 

at {xo,to). We may extend vi,V2,V3,Vi to vector fields on M x (0, T) such 
that 



D_a_vi 


= 


D a vi 

at 


- Avi + 


1 

— Vl 

2t 


= 


D d V2 


= 


D a V2 

at 


- AV2 + 


1 

2t'' 


= 


D a V3 


= 


D aV3 

at 


-AV3 + 




= 


D d 


= 


D a Vi 

at 


- AV4 + 


1 

— Va 

2t 


= 



at (xo, to). We now define a function / : M x (0, T) ^ M by 

/ = S{vi,V3,Vl,V3) + S{vi,V4,Vi,Va) 

+ S{V2,V3,V2,V3) + S{V2,V4^,V2,V4) - 2 S {vi, V2, V3, Vi) . 

Clearly, /(xq, to) = and /(x, t) > for ah (x, t) G M x (0, to]- This implies 

9 _ . _ _ 
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at (xo,io)- Hence, if we put 

Z = bitS-KS--S, 

at t 

then we obtain 

Z{vi,V3,Vi,V3) + Z{vi,V4,Vi,V4) 
(7) + Z{V2,V3,V2,V3) + Z{v2,Vi,V2,Vi) - 2 Z {vi, V2, V3, V4) 

= |/-A/<0 

at (xo,to)- On the other hand, it follows from Proposition [3] that 

Z = DjiS - AS -- S 
at t 

1 1 

= Q{S) + - A e e^* (p{x) h@h - - ee^'^ A(p{x) h@h 

n 



1 



+ -ee^' V?(x) /i ® L's./i -Ah h 

2 \ St t . 

for all € M x (0,T). In view of Lemma [U there exists a uniform 

constant C2 such that 



1 



Z-Q{S) --Xee^'^{x)h®h < C2ee^'{(p{x) + \V^{x)\ + \A(p{x)\) 
4 /i 

for all {x,t) £ M X (0,T). Since Vip{x) and A(/?(x) are uniformly bounded, 
it follows that 



1 



Z -Q{S) - -Xee^*(p{x)h@h <C3ee^'ip{x) 

4 h 

for all {x,t) G M X (0,r). 

We next observe that e e'^*" (p{xo) < Ci to- (Indeed, if e e^*° (p{xo) < Ci to, 
then S(^Xi),to) would lie in the interior of the cone K, contrary to our choice 
of {xo,to).) Hence, there exists a uniform constant C4 such that 

\S\h + l-S* — S\h < C4 

at (xo,to)- This implies 

\Q{S) - Q{S)\h < C5 {\S\h \s - S\h + \s- s\l) 

< C5 C4 — S\h 

< Ceee^^ifix) 
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at {xo,to) 



Putting these facts together, we obtain 




at {xo,to) 



This imphes 




at {xQjto). Hence, if we choose A > C7, then we have 

Z{vi,V3,Vi,V3) + Z{vi,V4,Vi,V4) 

+ Z{V2,V3,V2,V3) + Z{v2,Vi,V2,Vi) - 2 Z {vi, V2, V3, Vi) 
(8) - Q{S){vi,V3,Vi,V3) - Q{S){vi,V4,Vi,V4) 

- Q{S){V2,V3,V2,V3) - Q{S){V2,V4,V2,V4) + 2 Q{S){vi, V2, V3, V^) 

> 

at (xo, to)- The inequahty ^ is inconsistent with ([6]) and ([7]). Consequently, 
we have S(^x,t) ^ K for all points {x, t) £ M x (0, T). Since e > is arbitrary, 
it follows that Sf^^.t) ^ ^ for all points {x,t) S M x (0,T). 

Proposition 9. Suppose that {M,g(t)) x has nonnegative isotropic cur- 
vature for all t G (0,T). Moreover, we assume that 



for m = 1, 2, . . . (see e.g. [12J, Theorem 13.1). Hence, we can apply Propo- 
sition [8] to the metrics g{t + a), t € (0, T — a). Taking the limit as a — > 0, 
the assertion follows. 

Theorem [T] is an immediate consequence of Proposition [H To see this, we 
consider a point (x, t) G M x (0, T) and vectors v,w G T^M. By Proposition 
[9l we have 

S{vi,V3,Vi,V3) + S{vi,Vi,Vi,Vi) 

+ S{V2,V3,V2,V3) + S{V2,V4,V2,V4) - 2 S {vi, V2, V3, Vi) > 




sup 

(x,t)eMx{o,T) 



D"^Rm\ < 00 
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for all vectors vi,V2,V3,Vi E T(^ f)(M x (0,T)). Hence, if we put 
d 

Vi = — + V, V2 = 0, f 3 = W, V4 = 0, 

ot 

then we obtain 

M{'w, w) +2 P{v, w, w) + R{v, w, V, w) > 0. 

This completes the proof of Theorem [TJ In order to prove Corollary El we 
take the trace over w. This yields 

Ascal + 2 |Ricp + ^ seal + 2discalv' + 2Ric(f,i;) > 0. 

Hence, Corollary [2] follows from the identity ^scal = Ascal + 2 [Ricp. 

5. The equality case in the Harnack inequality 

In this section, we analyze the equality case in the Harnack inequality. 
Let {M,g(t)), t G (0,T), be a family of complete Riemannian manifolds 
evolving under Ricci flow. As above, we assume that {M,g{t)) x has 
nonnegative isotropic curvature for all t G (0, T). Moreover, we require that 

sup scal(x, t) < oo 

{x,t)&Mx{a,T) 

for all a G (0,r). 

Let E be the tangent bundle of M x (0,T). We denote by P the total 
space of the vector bundle E (B E (B E (B E. The connection D defines a 
horizontal distribution on P. Hence, the tangent bundle of P splits as a 
direct sum TP = H © V, where H and V denote the horizontal and vertical 
distributions, respectively. 

Let TT be the projection from P to M x (0, T). For each t € (0,T), we 
denote by Pt = 7r~^{M x {t}) the time t slice of P. We define a function 
u: P ^Rhy 

U : {vi,V2,V3,Vi) ^ S{vi,V3,Vi,V3) + S{vi,V4„Vi,V4,) 

+ S{V2,V3,V2,V3) + S{v2,V4,V2,Vi) 
- 2S{vi,V2,V3,Vi)- 

By Proposition [9l n is a nonnegative function on P. Let = {n = 0} be 
the zero set of the function u. We claim that F is invariant under parallel 
transport: 

Proposition 10. Fix a real number to G (0, T), and let 7 : [0,1] Pt^ 
be a smooth horizontal curve such that 7(0) G F. Then 7(5) G F for all 
SG [0,1]. 

Proof. Without loss of generality, we may assume that the projected 
path TT o 7 : [0, 1] ^ M X {to} is contained in a single coordinate chart. Let 
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Q C M X (0, T) be a coordinate chart such that 71(7(5)) G Q for ah s G [0, 1]. 
We can find smooth vector fields Xi , . . . , X„ on 17 such that 

" " a a 

fe=l ij=l 

Moreover, we define a vector field 1" on 17 by 

fc=i 

Let Xi, . . . , X„, y be the horizontal lifts of Xi, . . . , X„, y. At each point 
{vi,V2,V3,V4) € 7r~^(r2), we have 

n 

y(n)-^lfc(Xfe(n)) 
fc=i 

= (^Da_S - AS^{vi,V3,vi,V3) + (^Da_S- AS^{vi,V4^,vi,Vi) 
+ (-^^-S* - AS'^({;2,^3,'y2,'i'3) + (^^-S" - AS'^({;2,V4,'y2,'y4) 

Using Proposition [3l we obtain 

n 

Y{u)-Y,Xk{Xk{u))--u 

k=l 

= QiS){vi,V3,Vl,V3) + Q{S){vi,V4,Vl,V4) 
+ QiS){v2,V3,V2,V3) + (5(5')({;2,'V4,'52,^4) 
-2Q{S){vi,V2,V3,Vi) 

for all points (wi, ^2, ^3, ^4) € tt^^^Q). Moreover, it follows from the calcu- 
lations in Section 3 that 

Q{S){vi,V3,Vi,V3) + Q{S){vi,Vi,Vi,V4) 

+ QiS){v2,V3,V2,V3) + Q{S){V2,V4,V2,V4) - 2 Q {S){vi, V2, V3, V4) 

>C inf (D\)(^,0 

for all points (t'l, ^2) '^'35 '^4) S 7r^^(17). Here, D'^u denotes the Hessian of u 
in vertical direction. Putting these facts together, we obtain 

n 

Y{u)-Y,MXk{n))--u>C irif (1)^(^,6 

^ t ?6V,|C|<1 

on 7r~^(r2). Hence, the assertion follows from J.M. Bony's version of the 
strong maximum principle (see [1] or [3], Proposition 4). 
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For each point (x, t) € M x (0, T), we denote by ^f{x,t) the set of all vectors 
of the form 

v= d_ + y ^ T(^,t)(M X (0,r)), where v G T^M satisfies 
d 1 

—seal + - seal + 2 Sjscal + 2 Ric(f , v) = 0. 
In view of Theorem [H we can characterize the set Affx t) follows: 



9 



d 1 

—seal + - seal + 2 5jscal + 2 Ric(7;, v) = Q 

M {w, w) +2 P{v, w, w) + R{v, w, v,w) =0 for all w G T^M 

— +v,0,w,0] £ F for ah w € T^M 



By PropositionllOl the set F is invariant under parallel transport. Therefore, 
we can draw the following conclusion: 

Corollary 11. Fix a smooth path 7 : [0,1] — > M x {to}- denote by 
P.y : T^(o)(-^^ ^ (0)^)) ~^ 2^7(1) ^ (Oi^)) parallel transport along 7 
wzi/i respect to the connection D.Ifv^ -^7(0); ^/^en P^v € 

Proposition 12. Let (M,g{t)), t € (0, T), be a family of complete Rie- 
mannian manifolds evolving under Ricci flow. For each t G {0,T), we as- 
sume that (M,g{t)) x has nonnegative isotropic curvature and {M,g(t)) 
has positive Ricci curvature. Moreover, suppose that there exists a point 
{xo,to) e M X (0,T) such that 

to • scal(xo, to) = sup t • scal(x, t). 

{x,t)eMx{0,T) 

Then there exists a smooth vector field V = such that 

for all {x,t) € M X {to}- -^^ particular, (M, g(to)) is an expanding Ricci 
soliton. 

Proof. Since {M,g(t)) has positive Ricci curvature, there exists a unique 
vector field V = such that 5jscal + 2Ricjj = 0. We claim that 

(9) ^fix,t)c{- + v^x,t)} 

for all points (x,t) G M x (0, T). In order to prove this, we consider an 
arbitrary vector v € M(^x,t)- The vector v can be written in the form v = 
+ V, where v (zT^M satisfies 

d 1 

—seal + - seal + 2 Sjscal + 2 Ric(f , v) = 0. 
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Using Corollary [21 we conclude that discal + 2RicijV^ = 0. Since {M,g{t)) 
has positive Ricci curvature, it follows that v = V(x,i)- This completes the 
proof of dH). In particular, the set M(^x,t) contains at most one element. 

By assumption, the function t ■ scal(2;, t) attains its global maximum at 
{xo,to). This implies 

—seal H — seal = 
dt t 

at (xo,io)- Consequently, the set ■^f{xo,to) is non-empty. Hence, it follows 
from Corollary [TT] that the set J^{x,t) is non-empty for all points (x, t) G 
M X {to}. Using da]), we obtain 

(10) -^(x,t) = {| + ^(.,4 

for all points (x,i) G M x {to}. Hence, by Corollary II 11 we have 

^7(1 + ^7(0)) =^ + ^7(1) 

for every smooth path 7 : [0, 1] — > M x {to}- Thus, we conclude that 

dx^ \ot J 

for all points (x,t) € M x {to}- From this, the assertion follows. 



6. Ancient solutions to the Ricci flow 

In this final section, we consider ancient solutions to the Ricci flow. In 
this case, we are able to remove the Xjt terms in the Harnack inequality: 

Proposition 13. Let (M,g{t)), t S (— oo,T), be a family of complete Rie- 
mannian manifolds evolving under Ricci flow. We assume that (M, g{t))xM? 
has nonnegative isotropic curvature for all t E (— oo,T). Moreover, we as- 
sume that 

sup scal(x, t) < 00 

ix,t)eMx{a,T) 

for all a G (— cx),T). Then we have 
d 

—seal + 2 diScal + 2 Ric{v, v) > 
for all points {x,t) G M x (—oo,T) and all vectors v S T^M . 

Proof. We employ an argument due to R. Hamilton [11]. To that end, 
we fix a real number a G (— cxd,T), and apply Corollary [2] to the metrics 
g{t + a),te (0, T -a). This implies 

d 1 

—seal H seal -|- 2 Sjscal -|- 2 Ric(u, f ) > 

ot t — a 



20 



SIMON BRENDLE 



for all points (x, t) € M x (a, T) and all v G T^M. Taking the limit as 
a ^ —oo, the assertion follows. 

Our last result generalizes Theorem 1.1 in [UJ: 

Proposition 14. Let {M,g{t)), t £ {—oo,T), be a family of complete Rie- 
mannian manifolds evolving under Ricci flow. For each t € (— oo,T), we as- 
sume that {M,g{t)) x has nonnegative isotropic curvature and {M,g{t)) 
has positive Ricci curvature. Moreover, suppose that there exists a point 
(xo,to) & M X (— oo,T) such that 

scal(xo,io)= sup scal(x,t). 

{x,t)eMx{-oo,T) 

Then there exists a smooth vector field V = such that 



d 

a V = Kic-^ 

a? Oxl 



D a V = Ric^ 



for all {x,t) G M X {to}. In particular, (M, g(to)) is a steady Ricci soliton. 

The proof of Proposition [T3] is analogous to the proof of Proposition [T2] 
above. The details are left to the reader. 
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